Introduction
Scheduling of parallel batch processing machines has recently attracted a great deal of interest among the researchers. Parallel batch processing machines, by definition, can simultaneously process a number of jobs as a batch where all the jobs have the same beginning and ending times. One could find these problems classified as bounded batch processing machines (BPM) scheduling problem because the size of batch is limited based on the capacity of the BPM.
This paper tries to address one such problem namely scheduling of a Heat-treatment furnace(HTF) that finds application in steel casting industry. A general characteristic of the steel casting industry is the product variety. Castings (or jobs) of any size, shape, quantities can be produced. Also, the materials used in this process are widely different that are selected based on the type of environment and application of the jobs which makes them incompatible from the point of view of processing. Thus, these job families are called multiple incompatible job families. Steel casting industry is a capital intensive industry and competition in this industry is high. So, there is a pressure on the steel casting industries to reduce the lead time to satisfy the customers in meeting the deadlines. One way of reducing the lead time for production is to schedule the bottleneck machines effectively.
From the viewpoint of throughput and utilization of the important and costly resources in the foundry manufacturing, it was felt that the process-controlled furnace operations for the melting and pouring operations as well as the heat-treatment furnace operations are critical for meeting the overall production schedules. The two furnace operations are batch processes that have distinctive constraints 
Research Problem
The scheduling problem defined in this paper can be denoted in three-field notation: | | as 1 | pbatch, multiple incompatible job family, non-identical job sizes, non-identical job-dimensions, nonagreeable release times and due dates | Cmax problem. We propose a mathematical model for the research problem with the following assumptions: § There are n jobs (n single castings) to be processed and these jobs are from a single job- Processing time of job family is assumed to be independent of number of jobs in the batch and constant § Preparation time, if any, is included in the processing time, and there is no setup time in switching from one batch to another § Once processing of a batch is initiated, the BP cannot be interrupted and other jobs cannot be introduced into the BP until the current processing is completed. §
Machine breakdowns are not considered
The paper is organized as follows: In section 3, we review the related work. In section 4, we propose a mathematical model. In section 5, we validate the mathematical model with a numerical example. We conclude the paper with a summary and possible future research direction in Section 6. Our studies differ from other studies in that we address an important aspect namely non-identical job dimension which may not be relevant in the semiconductor industry but important in steel casting industry. Also, our study considers non-agreeable release times which are not addressed in the literature. Finally, unlike studies which propose meta-heuristics, our study attempts to develop a mathematical model which would yield optimal solution for the research problem.
Review of Related Works:
Apart from the semiconductor industry, there are only a few studies which focus on addressing the problem of scheduling heat treatment furnaces. Thus we only focus on these few studies which are very close to the research problem.
[8] examine the problem of scheduling multiple heat-treatment furnaces (HTF), of steel casting industry with non-identical job size and assuming identical job dimensions to maximize the utilization of the batch processors under dynamic job arrivals with agreeable release times and due dates. They take a three-stage approach to schedule the heat-treatment furnaces namely BPM selection, job family selection. They conduct a series of computational experiments in which the solution quality of heuristic algorithms is compared with estimated optimal solutions for each problem instances. They conclude that heuristic algorithms based on job family selection criteria which use: (a) the simple average priority of job, (b) the simple average size of job and (c) the weighted average size of job perform better with lesser computational effort.
[9] study the scheduling problem addressed earlier [8] with the objective of minimizing total weighted tardiness. They proposed four greedy heuristic algorithms which differ based on the job family selection. The detailed computational experiments conducted by them reveal that on an average, the heuristic algorithms which use job family selection criteria based on (a) cumulative due date and (b) weighted cumulative due date with job size as weight, perform better when compared with statistical estimation procedure.
Our study differs from these studies in that we consider non-identical job dimensions which take our study closer to reality.
Development of mathematical model for scheduling a BP with MIJF, NIJS and NIJD
The problem of scheduling a BPM with MIJF, NIJD, NIJS and NARD could be viewed as an extension of the three-dimensional bin-packing problem.
There are different approaches for solving this type of research problem like mathematical models, heuristic methods or metaheuristic methods. Since out of all this three, mathematical models provide optimal solutions for the problem this paper approaches the problem by proposing a mathematical model.
Mathematical models proposed by various researchers ([3] , [12] , [1]) for bin-packing problem consider NIJD characteristics explicitly and there is no restriction on the capacity of the bins in terms of job sizes considered in these studies.
Scheduling a BPM, however, is more complex. First, there are multiple incompatible job families which mean jobs from one family cannot be combined with jobs from another family. Also, even within a single job family, job (casting) sizes vary widely (from 10 g to 1000 kg), which puts a tremendous restriction on the number of jobs that can be accommodated in a batch to satisfy the capacity restrictions of BP in terms of size, in addition to dimensions of job. Accordingly, among the 
n max C C = The objective of the model is to minimize the completion time of the last batch. Constraint set (1) ensures that each job of a job family is assigned only once to the batch. Constraint set (2) stipulates that at most only one family can be assigned to a batch. Constraints (3)-(5) ensure that all the jobs assigned to a batch fit within the physical dimensions of the BP.Constraint (6) ensures that a job from a job family is assigned to a batch if and only if that job family is assigned to that batch.Constraint (7) ensures that the weight capacity of BP is not exceeded. Constraints (8 13) ensure that jobs do not overlap with one another. This check for overlap is necessary only if a pair of jobs is placed in the same BP. This is taken care of by Constraints (14 15).
Constraint (16) defines the processing time of a batch as greater than or equal to the processing time of each job (= processing time of the job family) in that batch. Constraint (17) ensures that release time of a batch is the maximum of the release times of all jobs in the batch. Calculation of Completion time of the jobs is taken care by (18). Ensuring those jobs have their release time atleast equal to the completion of time of previous batch is by (19) . Constraint (20) ensures that completion time of job is atleast equal to the completion time of batch, if and only if the job is in that batch. Constraint (21) is completion time of the last batch.
The number of binary variables, in the proposed MILP model is nm + fm + 3n(n-1) and the model has 3n(n-1)+2n(n-1)m+4nfm+5n+3m+fm+1 number of constraints, where f is the number of job families, n number of jobs, m number of constraints.
Validation of the Proposed MILP model
To validate the proposed MILP model, we develop a numerical example assuming one BP with two job families having n = 10 jobs with the processing time of the first job family as 15 h and second as 12 h. The Capacity of the BP in terms of size of the BP = 1000 kg; and in terms of dimensions: L = 1500 mm; W = 950 mm; H = 900 mm. In addition, the size, dimensions, and processing time of the 10 jobs are given in Table 1 . The optimal solution for the proposed MILP model is obtained using LINGO. The appropriate LINGO set code to generate is given in Appendix 1. Using this set code, an ILP model is generated for the numerical example presented in Table 1 and solved. The optimal solution obtained for the numerical example is presented in Table 2 which gives the batch wise job details, job family details, release time, processing time and the completion time of each batch.
Summary and Future Work
Based on our observation from steel casting industry, we addressed an important research problem of scheduling a HTF in steel casting industry. This problem has not been given due attention in the literature. This led us to development of a mathematical model for scheduling the HTF with MIJF, NIJD, NIJS and NARD with the objective of minimizing makespan. The proposed mathematical model is validated using a numerical example by generating and solving the model in LINGO.
It could be noted that even for a small scale instance such as the one used for solving the mathematical model in this paper, the computational time is reasonably high. In general, it is widely accepted that integer programming models are difficult to solve to optimality, especially for large instances. Thus, it is possible that larger instances can pose significant difficulties in solving the model proposed in this paper. Considering these things in mind, one could first test the model extensively on large scale instances to estimate the computational time for this class of models. Secondly, one could think of reformulating this model to make it solvable in reasonable time limit.
As an alternative, the problem can be approached by using heuristic methods that could result in near optimal solutions very quickly. Also, meta-heuristic methods like genetic algorithms, tabu search etc. could be developed for solving the problem which can provide better solutions than a simple heuristic method at the expense of more computational effort. 
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